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Cosmology
Yun-Song Piao
College of Physical Sciences, Graduate School of Chinese Academy of Sciences, YuQuan Road 19A, Beijing 100049, China
Recently, it has been shown in Ref. [1] that the string thermodynamic fluctuation may lead to
a scale invariant spectrum of scalar metric perturbation. However, its realization is still in study.
In this note we suppose that the correlation length of metric perturbation, which is proportional to
the sound speed, might be nearly divergent at the critical point of phase transition. In this case we
find that the string gas mechanism responsible for the generation of primordial perturbation may
be applied well.
PACS numbers:
In string gas cosmology [2, 3], see Refs. [4] and [5] for
recent reviews, it is assumed that the universe starts in
a Hagedorn phase, in which the universe is initially in
thermal equilibrium at a temperature close to the Hage-
dorn temperature, the limiting temperature of perturba-
tive string theory. In this case, by using the tools of string
thermodynamics it was showed that the nearly scale in-
variant spectrum of cosmological fluctuations responsible
for the structure formation of observable universe may be
obtained [1], see Ref. [6] for the tensor perturbation and
also Refs. [7, 8, 9] for more details.
However, to make this seeding mechanism feasible, it
seems that the dilaton need to be fixed, which may be
argued with the strong coupling Hagedorn phase [9]. If
the dilaton is not fixed, the terms related to the dila-
ton running will dominate the (00) equation of metric
perturbation Φ. In this case instead scale invariant spec-
trum one will obtain a Poisson spectrum [9], When the
dilaton is fixed, the perturbation equations are those of
Einstein gravity. In this case, the perturbation equation
k2Φ ∼ δρ may be used only when k > h, in which k and
h are the comoving wave number and comoving Hubble
parameter in the Einstein frame respectively. However,
in Ref. [1], for fixed dilaton, it seems that the scales of
metric perturbation interested today are generally super
Hubble radius during Hagedorn phase, i.e. k < h [10].
The metric perturbation can be driven by the matter
fluctuation only on scale smaller than the Hubble radius,
while on super Hubble scale the metric perturbation is
dominated since the matter oscillations have frozen out.
Thus one is not able to compute the matter fluctuations
on such scales and to then use them to induce the metric
fluctuations. Thus in this case the calculations of met-
ric perturbation seems be controversial [10]. However,
one may relax these controversies by assuming that the
strong Hagedorn phase lasts sufficiently long [9] or invok-
ing a bounce cosmology [11] and also [12].
In this note, we propose a different possibility. We sup-
pose that the correlation length l ∼ csh−1 of metric per-
turbation might be nearly diverged at the critical point
of phase transition, where cs denotes the sound speed
of metric perturbation. When T → Tc, where Tc is the
critical temperature of phase transition, since the change
of h is generally expected to be moderate during phase
transition 1, the divergence of correlation length of met-
ric perturbation suggests that cs(T ) will rapidly increase
to infinity with T , see Fig.1. Based this supposition we
find those controversial issues relevant to the string gas
mechanism responsible for the generation of primordial
perturbation can be solved well. For some ansatz of cor-
relation length, we calculate the spectrum of scalar met-
ric perturbation by using the tools of string thermody-
namics, as in Ref. [1]. The spectral index generally has
a moderate red tilt, which may be consistent with recent
observations well. For an illustration we firstly assume
that the background dilaton velocity is negligible. We
will relax this assumption later. Besides, here we will
not involve relevant contents with the stability of mod-
uli, which may be seen in Refs. [14, 15] in the string gas
cosmology.
When the dilaton is fixed, the background and pertur-
bation equations are those of Einstein gravity. Though
the nearly divergence of sound speed can hardly be un-
derstood in Einstein gravity and is generally expected
to have a profound origin, for a phenomenological dis-
cussion we may implemented it by e.g. endowing the
Einstein action with an added term
∼
∫
d4x
√−gc2sR(3), (1)
where R(3)ij is the Ricci curvature described by the space
component gij of metric gµν and its corresponding affine
connections. In this sense R(3) is actually the intrinsic
spatial curvature on constant time slicing. The factor c2s
only depends on the temperature, when T ∼ Tc, it is
required to be very large, while T ≪ Tc, we expect that
the Einstein gravity should be resumed, thus it should
approach 0. It seems that this term breaks the Lorentz
invariance, however, it can be recovered after the tran-
sition, i.e. T ≪ Tc, which is consistent with present
1 see Refs. [11, 13] for a different case in which the bounce is intro-
duced during phase transition, which actually also corresponds
to one of the cases with diverged correlation length since h = 0
at some epoch of the bounce.
2observations. By making the variation of (1), we have
δ(
√−gR(3)) → (1
2
√−ggµνR(3))δgµν +
√−gδ(gijR(3)ij ), (2)
and can find that the (00) component of Einstein per-
turbation equation will have an added correction ∼
c2sgµνR(3) leaded by the first term of Eq.(2). Though
there is also a term ∼ δ(gijR(3)ij ), it dose not contribute
the (00) component. The interest of this extra correc-
tion lies in that in the longitudinal gauge, see Ref. [16]
for details on the theory of cosmological perturbations, it
brings an added term∼ c2s∇2Φ to the (00) equation of the
metric perturbation Φ, while does not modify the back-
ground equation mastering the evolution of scale factor a.
This is consistent with the feature that R(3) is the intrin-
sic spatial curvature on constant time slicing. However,
it should be noted that to depict the nearly divergence of
correlation length during the transition we introduce the
term (1), which, however, is not necessary and exclusive,
there may also be other possible ways to do so. Here we
only take such an example to show the feasibility of our
supposition.
When cs is very large, i.e. csk ≫ h, which means that
the perturbations are very deep into the sound horizon
and thus the terms h2Φ and hΦ′ may be neglected, in
the longitudinal gauge the (00) equation of the metric
perturbation can be reduced to
c2sk
2Φ ≃ a2Gδρ, (3)
which is Poisson like, but is in relativistic sense. We can
obtain Eq.(3) completely contributes to the introduction
of added term to Einstein action, since it brings a nearly
diverged sound speed when the temperature approaches
the critical point. Thus we have
PΦ(k) ≃ a
2G2
c4sk
4
Pδρ(k) = a
2G2
c4sk
4
< δρ2 >R=a/(csk), (4)
where R is the size of region in which the fluctuations are
calculated. In Eq.(4), it is obviously seen that we replace
R = a/k used in Ref. [1] with R = a/(csk). The reason
is in the following. What we suppose here is only the
nearly divergence of correlation length of metric pertur-
bation. That of matter fluctuation is still limited by Hub-
ble scale during phase transition. Thus in principle one
need to calculate the fluctuations of the energy momen-
tum tensor of stringy matter on various length R, up to
the physical Hubble scale a/h. However, here though the
physical wavelength a/k of matter fluctuations required
to induce the metric perturbation at present observable
scale are sub sound horizon scale, they are generally su-
per Hubble scale, i.e. k < h, see ‘A’ mode denoted by
the red solid lines in Fig.1, thus in this case we can not
deduce the metric perturbation by calculating the mat-
ter fluctuation, since in super Hubble scale the oscillating
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FIG. 1: The sketch of evolution of the sound horizon ln (cs/h)
and the Hubble horizon ln (1/h) with respect to the scale fac-
tor ln a during the transition. The transition in which the
winding modes of strings decay into radiation goes with the
rapid decreasing of sound speed, which makes the perturba-
tions be able to leave the sound horizon and become nearly
scale invariant primordial perturbations responsible for the
structure formation of observable universe.
of matter fluctuations are freezed. However, after we in-
troduce the nearly divergent sound speed, the effective
physical wavelength of metric perturbation will obtain a
strong suppression ∼ 1/cs and become a/(csk), which
may be sub Hubble scale well, see ‘A′’ mode denoted by
the red dashed lines in Fig.1. Thus in this case we may
take R = a/(csk) as length scale to calculate the mat-
ter fluctuations and then use them to deduce the metric
perturbations by Eq.(4), up to a/h.
This can also be explained in another perspective.
We may define the effective comoving wave number as
ω = csk, which is rapidly decreased during phase tran-
sition due to the change of cs. Thus the evolution of
comoving wavelength ∼ 1/cs of corresponding mode can
be much faster than that of the Hubble radius, which
will make relevant mode be able to leaving the hori-
zon during phase transition, see ‘A′’ mode in Fig.1. In
this case initially the modes with the effective comoving
wavelength 1/ω are well in the Hubble horizon, thus we
may calculate the matter fluctuation with length scale
R = a/ω = a/(csk) and then deduce the metric pertur-
bation by Eq.(4). This explanation corresponds to that
in the perspective of the effective comoving wave number.
The similar analysis has appeared in Ref. [17]. While in
the perspective of the correlation length or sound hori-
zon in last paragraph, the comoving wavelength of ‘A’
mode in Fig.1 is constant during phase transition, with
the decreasing of sound speed it will leave the sound hori-
zon and become the primordial perturbation. Note that
the time when ‘A’ mode leaves the sound horizon, i.e.
k = h/cs, corresponds to that when ‘A
′’ mode leaves the
Hubble horizon, i.e. csk = h, thus in this sense both
perspectives are actually equivalent, which can be seen
in Fig.1.
3During radiation domination, the energy is in the ra-
diative degrees of freedom, which correspond to the mo-
mentum modes of strings. But when the temperature is
about Tc, it may be expected that the oscillatory and
winding modes of strings can be excited, which will con-
tribute most of energy in the string gas. Thus in principle
one is able to compute the spectrum of matter fluctua-
tion by using the result of closed string thermodynamics,
which is required to source the metric perturbation by
Eq.(3). Following [1], the perturbation of energy density
of closed string modes in the thermal equilibrium inside
an arbitrary volume ∼ R3 is given by
< δρ2 >=
T 2
R6
cV, (5)
where the specific heat
cV ≃ R
2T 4c
T (Tc − T ) , (6)
which scales as R2. Eq.(5) indicates that the fluctuation
of stringy matter is a Poisson spectrum ∼ k4. This result
is a key feature of string thermodynamics, which was
derived in Ref. [18] and holds in the case of three large
dimensions with the topology of a torus. We substitute
Eq.(5) into Eq.(4), and then can obtain
PΦ ≃ T
4
c
m4p
( T
Tc − T
)
, (7)
where G = mp has been used and the numerical fac-
tor O(1 − 100), which depends on the rescale of Planck
scale mp, has been neglected. Thus one can see that the
Poisson spectrum of string gas induces a scale invariant
spectrum of metric perturbation Φ by Eq.(4), which is
the same as the result obtained in Ref. [1]. The differ-
ence is that here the metric perturbations calculated are
in super Hubble scale, i.e. k < h, but sub sound horizon
scale, i.e. k > h/cs. During the transition in which the
winding modes of strings decay into radiation, we expect
that cs decreases rapidly, as is illustrated in Fig.1. In this
case the metric perturbation can exit the sound horizon,
and after its leaving, it will quickly freeze, since when
csk < h, which means that the effective wavelength of
metric perturbation in perspective of effective comoving
wave number is larger than the horizon, the oscillating
of matter fluctuations has frozen. The spectrum of cur-
vature perturbation ξ in comoving supersurface Pξ ≃ PΦ
up to a factor with order one, which is constant in the
super horizon scale. Thus the spectrum of the comov-
ing curvature perturbation can be nearly scale invariant
and its amplitude can be calculated at the time when
the perturbation exits the sound horizon, i.e. k = h/cs,
which gives the value of T in Eq.(7) at the sound horizon
crossing.
The phase transition is not generally instantaneous,
which will lead to a tilt in the spectrum. This tilt de-
pends on the change of sound speed, since the change of
sound speed determines the evolution of sound horizon
and so the sound horizon crossing time of perturbation
with some given wavelength∼ k−1. In principle to obtain
the tilt of spectrum we need to know the detailed evo-
lution of sound speed with the temperature. However,
since we lack for the detailed knowledge of phase transi-
tion, here we will appeal to some interesting ansatzs of cs,
which in some sense might also help to our understanding
for phase transition. We firstly take
cs =
( Tc
Tc − T
)p
(8)
as an attempt, where p > 0 is a constant, and p → ∞
corresponds to an instantaneous transition. This ansatz
in some sense may be analogous to the case in con-
densed matter physics, in which when the temperature
approaches the critical point of phase transition the cor-
relation length of order parameter diverges. For Eq.(8),
when T → Tc, the sound speed diverges, while T ∼ Te ≪
Tc, where ‘e’ denotes the value at the end of transition, we
have cs = 1, which means the end of transition. In this
time the perturbation equation is that with the Einstein
gravity. The sound horizon crossing requires k = h/cs,
thus we can obtain
k
ke
≃
( Tc
Tc − T
)−p
, (9)
where we have neglected the change of h during phase
transition, since the change of h is much smaller than
that of cs. When we include the change of h, where we
take a ∼ tn and n ∼ O(1/2) is a constant, there will
be a factor (Te/T )(n−1)/n before the right hand term of
Eq.(9),which is negligible when being compared to that
of cs. We define
N ≡ ln
(
ke
k
)
, (10)
which measures the efolding number of mode with some
scale ∼ k−1 which leaves the sound horizon before the
end of transition, and thus ke means the last mode to be
generated, see Fig.1. When taking the comoving Hubble
parameter h = h0, where the subscript ‘0’ denotes the
present time, we generally haveN ∼ 50, which is required
by observable cosmology. From Eq.(9), we can see that
when T → Tc, ke/k nearly approaches to infinity, thus
the efolding number is actually always enough as long as
the initial volume of early universe is large enough. By
using Eq.(9), the spectrum of metric perturbation can be
rewritten as
PΦ ≃ T
4
c
m4p
(
k
ke
)− 1
p
[
1−
(
k
ke
) 1
p
]−1
. (11)
Thus the amplitude is approximately T 4c /m4p and the
spectral index is given by
ns − 1 = −1
p
·
[
1
1− e−N/p
]
, (12)
4where Eq.(10) has been used. From Eq.(12), we can see
that for fixed efolding number the spectral index is only
determined by the critical exponent p. To obtain the red
tilt required by the observations [19], i.e. ns−1 ≃ −0.05,
for N ≃ 50, it seems that we need p ≃ 20. In fact we also
calculate the factor which is relevant to the change of h
and has been neglected in Eq.(9), and find that it only
contributes a term ∼ 1/p2, which is second effect. Thus
the approximation done in Eq.(9) is consistent.
In the ansatz (8), the sound speed is diverged at the
critical point. It is also interesting to consider the case in
which the sound speed at the critical point arrives at a
very large value but not diverges. The example is given
by
cs =
( T
Te
)p
, (13)
where when T → Tc, cs approaches a very large constant
(Tc/Te)p since p ≫ 1, while T ≃ Te, we have cs ≃ 1,
which means the end of transition. During the sound
horizon crossing, i.e. when k = h/cs, we have
k
ke
≃
(Te
T
)p
, (14)
where similarly the change of h has been neglected. From
Eq.(10), we have N = p ln (T /Te). Note that though Te
is generally not much less than Tc, the enough efolding
number can still be assured, since p ≫ 1. From Eq.(7),
the spectrum of metric perturbation is given by
PΦ ≃ T
4
c
m4p
[(
k
ke
) 1
p
(Tc
Te
)
− 1
]−1
. (15)
The spectral index is given by
ns − 1 = −1
p
·
( Tc
Tc − T
)
= −1
p
·
[
1
1− e−(Nc−Np )
]
, (16)
whereNc = ln (ke/kc) is the total efolding number during
phase transition. Note that in Eq.(16), when T → Tc, i.e.
the total efolding number Nc ≃ 50, ns will be divergently
red. Thus to match Eq.(16) to the observations, it seems
that p → ∞ is required. However, if Nc is much larger
than 50, even if p does not approach infinity, we also may
have moderate red tilt of ns at N ≃ 50. For example,
to obtain ns− 1 ≃ −0.95 required by the observations, if
we take p ≃ 20, the total efolding number Nc should be
larger than at least 90, which can be seen in Eq.(16).
Now let us check whether the results are changed if
the dilaton is not fixed. When the dilaton is running, the
background and perturbation equations are those of dila-
ton gravity [20]. Thus in principle we need to performed
our calculations in the string frame. However, note that
the results of physical quantities should be equivalent
in the Einstein and string frames, independent of the
choice of frames. This suggests that all calculations can
be equally well implemented in both frames. Thus for
convenience we will continue our discussions in the Ein-
stein frame. The string frame metric can be related to
the Einstein frame metric by a conformal transformation
g˜µν = e
2ϕgµν , where the tilde denotes the quantity in
the string frame and ϕ is the dilaton. In the string frame
the thermal gas of string is coupled minimally to grav-
ity, thus after the conformal transformation, it will be
coupled to dilaton, and so can also serve for a source
for the dilaton perturbation while source for the metric
perturbation. We conformally introduce the added term√−g˜c2sR˜(3) in the action of string frame, which, after the
conformal transformation, leads to not only c2sR(3) but
c2s(∇ϕ)2 in the Einstein frame. Thus we see that not only
metric perturbation may be causally produced, but the
dilaton perturbation.
In the (00) equation of metric perturbation, compared
with the case in which the dilaton is fixed, there will be
some new terms, such as ϕ′2Φ, ϕ′δϕ′, which arise from
the running of dilaton. When these terms are dominated,
instead Eq.(3) one will approximately have Φ ∼ δρ, thus
the Poisson spectrum of δρ will induce a Poisson spec-
trum of Φ, i.e. PΦ ∼ k4, as has been pointed out in Ref.
[9]. Let us reexamine these terms in our case. The term
ϕ′2Φ can be rewritten as h2(∆ϕ)2Φ, which reflects the
change of dilaton in unit of Hubble time. Following [9],
when t˜ is large, one have a ∼ t˜ and also e−ϕ ∼ t˜, thus
can obtain e−ϕ ∼ a, which can be reduced to ϕ ∼ ln a.
Thus we can see that the h2(∆ϕ)2 is much smaller than
c2s given by Eqs.(8) or (13). The similar analysis also
applies to ϕ′δϕ′, since it can be rewritten as h2∆ϕ∆δϕ.
These results indicate that compared with c2sk
2Φ, the
terms related to the dilaton running are negligible. Thus
we can see that even if the dilaton is running, Eq.(3) will
be still approximately valid equation for metric perturba-
tion. Therefore we will still have a nearly scale invariant
spectrum (7) leaded by the Poisson like spectrum (5) of
string gas, whose tilt is given by Eq.(12) or (16).
The perturbation equation of dilaton in the Einstein
frame has also term ∼ c2sk2δϕk, which is due to the ap-
pearance of ∼ c2s(∇ϕ)2 term after the conformal trans-
formation. This makes the causal generation of dilaton
perturbation become possible. In the perturbation equa-
tion of dilaton, as long as the change of Φ in unite of
Hubble time is not far larger than δϕk, we will have
c2sk
2δϕk ≫ h2∆ϕ∆Φ ≃ ϕ′Φ′, which suggests that com-
pared with c2sk
2δϕk, ϕ
′Φ′ term is negligible. The other
terms can also be neglected in the similar analysis. Thus
the perturbation equation of dilaton approximately be-
come c2sk
2ϕk ∼ δρ. This indicates that the spectrum of
dilaton perturbation is also scale invariant.
The Eq.(5) deduced by using the string thermodynam-
ics assumed the existence of thermal equilibrium in the
Hagedorn phase. However, as has been shown in Ref.
[21], see also [22, 23], it seems that no such equilibrium
can be builded when the dilaton is running. The inter-
5action rate of string winding modes with the running of
dilaton is generally more rapidly changed than the phys-
ical Hubble parameter [21]. This means that when the
dilaton is running, the gas of winding strings will quickly
fall out of the equilibrium. However, here due to the
introduction of the term ∼ c2s, the causal structure of
spacetime has actually been changed. Thus in this case
it seems be required to rephrase the thermal equilibrium
condition. This is beyond the scope of this note, however,
which is worthy of further study.
In conclusion, we show that when the correlation
length of metric perturbation, which is proportional to
the sound speed, at the critical point of phase transition
is nearly divergence, the string gas mechanism of the gen-
eration of primordial perturbation may be applied well.
Though here we are constrained to the case with the
added term (1), our work may be more general. The only
requirement is that the correlation length of metric per-
turbation is nearly diverged at the critical temperature,
which is significant to obtain a causal structure respon-
sible for the generation of primordial perturbation and a
Poisson like equation of metric perturbation. In princi-
ple, this work may be applied to any cases in which the
Poisson like matter or energy fluctuation, like Eq.(5), is
required to induce the scale invariant spectrum of metric
perturbation by a Poisson like equation of metric pertur-
bation, like Eq.(3). Finally, it should be pointed out that
the phase transition that the string winding modes be-
come dominated is still a subject in development and only
partially understood at present. Thus this study seems
be slightly speculative, however, it might be helpful for
understanding the generation of primordial perturbation
based on the string thermodynamics and also the physics
of phase transition.
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